We show that recent claims of Lemos [1, 2, 3] regarding the persistence of singularities in quantum cosmology are incorrect.
Introduction
The question of whether classical singularities persist in quantum cosmology remains a fascinating one. In 1983, we conjectured that (F) self-adjoint quantum dynamics in a fast-time gauge is singular, whereas (S) self-adjoint quantum dynamics in a slow-time gauge is always nonsingular [4] . By a "fast-time gauge" we mean a choice of time t such that the classical singularities occur at t = +∞ or t = −∞. A time t is "slow" if the singularities occur when | t | < ∞.
In a recent series of papers [1, 2, 3] , Lemos claims to have disproved both of these conjectures. In this Comment, we show that this is not the case, and that the conjectures are in fact valid for the cosmologies Lemos considers.
RWφ Models
We start with a k = 0 Robertson-Walker cosmology filled with a massless scalar field φ. Detailed discussions of these "RWφ" models can be found in [3, 5, 6] ; the background we need can be summarized as follows. Upon making an ArnowittDeser-Misner ("ADM") reduction by choosing the intrinsic time gauge t = φ, the classical dynamics of this model can be described in terms of the pair (R, π R ) of canonical variables, where R > 0 is the classical radius and π R = 0.
1 The phase space thus has two components, (0, ∞) × (0, ∞) and (0, ∞) × (−∞, 0). When π R > 0, the model has an initial singularity at t = −∞ and expands thereafter. The situation is time-reversed when π R < 0. Thus t = φ is a fast time. We will consider only the first case; the second can be treated analogously. So suppose π R > 0; the Hamiltonian is then
. We note that the quantum dynamics of the massless RWφ models in various fast-time gauges have been extensively studied in the literature, cf. [5, 6, 7] . In all cases the quantized models were found to be singular. However, in [3] it is claimed that the canonically quantized k = 0 RWφ model with t = φ is nonsingular. Below we will quantize this model in two different ways and show that this assertion is incorrect.
Canonical Quantization
We first canonically quantize the massless RWφ model with k = 0 following [3] . The quantum Hilbert space is L 2 (0, ∞), and the quantum Hamiltonian iŝ
where we have seth = 1. Note that since H is linear in the momenta, it is quantized according to the "product → anticommutator" rule, and hence there is no ambiguity whatsoever in the resulting operatorĤ.
2
It is convenient to make the unitary transformation U :
Note that this operator is not positive. (Compare the classical Hamiltonian (1), which is a positive function on R 2 + .) This phenomenon can be traced to the geometric fact that the vertical polarization on R 2 + is not complete. 3 In an 1 The reason why π R = 0 when k ≤ 0 is explained in [3] . A similar restriction appears in §3.
2 Here we interpret canonical quantization as geometric quantization in the vertical polarization [8] , in which context there are no factor-ordering ambiguities. In any case, such a reordering would shiftĤ by an imaginary constant, which would renderĤ non-symmetric. 3 In the sense that the Hamiltonian vector field X R = −∂/∂π R which spans this polarization is not complete, cf. [8] . This has been discussed in the context of the k = 1 models in [7] .
effort to get around this, Lemos used instead of (3) the positive square root of the positive self-adjoint operatorĤ
(This is most easily defined by means of the Fourier transform, cf. [3] .) With this "modified quantum Hamiltonian" Lemos was able to derive a "contradiction" with Conjecture (F), by exhibiting a wave packet which does not collapse as t → −∞ relative to the one-parameter unitary group V t generated by this operator. Specifically, consider the operatorR = e −y on L 2 (R) corresponding to the classical radius R. Lemos then shows that lim t→−∞ V t ψ|R |V t ψ = 0 for an initial Gaussian ψ.
The crucial point, however, is that whatever nice properties Lemos' operator might have, it is simply not the quantum Hamiltonian-which, as noted previously, is given unambiguously by (2) or (3). 4 Thus the quantum evolution is not given by ψ(y, t) = V t ψ(y). This renders Lemos' assertions regarding the stated conjecture invalid. In fact, we now prove that relative to the genuine quantum Hamiltonian, Conjecture (F) is true.
For this, observe that the correct quantum evolution-generated by (3)-is given by ψ(y, t) = ψ(y + t/ √ 12).
But then the expectation value
and hence R t → 0 as t → −∞. This shows that any initial state ψ with a well-defined radius must collapse, at least in the sense that lim t→−∞ R t = 0. On the other hand, it is true that this quantization is to a certain extent defective, due to the non-positivity ofĤ. If, as Lemos argues, positivity is a kinematical requirement that must be preserved by the quantization procedure, then the proper way to circumvent this problem is to construct an alternate quantization in such a way that the corresponding quantum Hamiltonian is positive. This we do in the next section. Of course, this alternate quantization cannot be unitarily equivalent to the quantization presented here. Regardless, it is a rigorous quantization for which, as we will show, the collapse Conjecture (F) is still valid.
An Alternate Quantization
We make the canonical change of coordinates q = Rπ R , p = 1 2 log(π R /R), 4 Nor can Lemos' operator be obtained from (2) or (3) by a reordering of factors.
so that the phase space becomes (0, ∞) × R. We quantize in the coordinate representation. (This corresponds to the vertical polarization on (0, ∞) × R. We choose this polarization because it is complete, and diagonalizes the Hamiltonian.) The quantum Hilbert space is L 2 (0, ∞) with respect to Lebesgue measure dq. ThenĤ
is self-adjoint (on the appropriate domain) and manifestly positive. The corresponding quantum evolution is given by ψ(q, t) = e −iqt/ √ 12 ψ(q).
To check for quantum collapse, we consider the classical observable f = 2p − log q = −2 log R, since f → +∞ iff R → 0. Since f is linear in the momentum p it may be directly and unambiguously quantized:
Althoughf is symmetric on the domain consisting of compactly supported smooth functons, it has no self-adjoint extensions. 5 However, this is no impediment to usingf to probe the dynamics of the model. 6 For an initial state ψ, we calculate
which implies that f t → +∞ as t → −∞. Thus in this quantization the quantum collapse Conjecture (F) is also valid.
FRW Models
Next we consider a dust-filled Friedmann-Robertson-Walker ("FRW") cosmology. We refer the reader to [2, 4, 11] for background on this model. Prior to an ADM reduction, canonical coordinates are (R, π R ) and (ϕ, π ϕ ), where R is again the radius and ϕ is the only nonzero Seliger-Whitham-Schutz velocity potential for dust. We have
where u = −dϕ is the 4-velocity of the dust, ρ is the density of total mass-energy, and N is the lapse. Taking N > 0, it follows that π ϕ > 0. The superHamiltonian constraint is then
Now suppose k = 0 or −1. Since π ϕ > 0, (4) requires |π R | > −12kR. When π R > −12kR the model expands from an initial singularity, and when π R < 12kR it collapses to a final singularity.
In [2] Lemos chooses the slow time t = π R and performs an ADM reduction, whence the Hamiltonian is
He then canonically quantizes in the momentum representation and shows that R(0) = 0. From this he concludes that the k = 0, −1 FRW models are singular in this slow-time gauge, despite the fact that the Hamiltonian operatorR(t) is self-adjoint for all t. However, the gauge t = π R , while acceptable classically when suitably restricted, is not permissible quantum mechanically. The problem is that the reduced phase space is again disconnected into two components, corresponding to whether π R > −12kR or π R < 12kR. Fixing one of these components (say the second, corresponding to a collapsing universe), we see that π R is a priori bounded above by zero. Thus a model with π R < 0 initially can never evolve to a state for which π R > 0, since this entails collapsing through an infinite density singularity where one necessarily loses all predictive power. In fact, for such a model, it does not even make sense to speak of π R > 0. But quantum mechanically 7 the Hamiltonian operatorR(t) is self-adjoint for all times, so that the quantum evolution is defined for all t. The quantized model therefore transits through the classical singularity-there is no "bounce"-and emerges into an expansion phase. On the one hand the quantized model certainly cannot be said to avoid the singularity at R = 0 (asR(0) = 0) but, on the other, it suffers no apparent "damage"-there is no loss of predictability, or other pathology-as it collapses. Thus it is unclear as to whether the quantum model is actually singular in any sense.
To avoid this sort of conundrum, in [4] such choices of time were specifically excluded. (According to the terminology there, the gauge t = π R is not "dynamically admissible.") Since it is explicitly stated as part of our conjectures in [4, p. 2404 ] that the choice of time must be dynamically admissible, these models do not qualify as counterexamples to Conjecture (S).
We remark that there do exist dynamically admissible slow-time gauges for the FRW models, e.g., t = −ϕ. The correspondingly quantized models have been shown to be nonsingular [4, 10, 11, 12] , in accordance with Conjecture (S).
In [1] , Lemos performs a similar analysis of a k = 0 model in the slow-time gauge t = π µ , where µ = log R. This choice of time is likewise dynamically inadmissible.
Conclusions
Our calculations show unequivocally that the k = 0 RWφ models collapse quantum mechanically, at least according to the (standard) criteria we have employed [4, 11] . Of course, which of the two inequivalent quantizations presented in §2 is physically correct (if either!) is a matter for speculation. But the essential point is that whether the quantized models collapse does not depend upon the positivity of the quantum Hamiltonian.
We contend that the alternate quantization we carried out is a completely rigorous and systematic way of dealing with problems such as the non-positivity of the quantum Hamiltonian, much to be preferred over making ad hoc modifications to the quantum dynamics. We emphasize that the collapse conjectures (F) and (S) are framed in the specific context of quantizing classical cosmologies; indeed, they presuppose a definite link between the classical and quantum systems. Ad hoc redefinitions of the quantum Hamiltonian-no matter to what end-effectively sever this link. We also point out that Lemos used a similar modification of the quantum Hamiltonian in [5] as justification for his doing so. However, there Blyth and Isham had to confront an entirely different (and more serious) difficulty than non-positivity: a classical Hamiltonian that was so complicated algebraically that it was unclear as to how it should be quantized. Since canonical quantization could not handle this situation, it was, in fact, reasonable for them to proceed as they did. (It is worth remarking that geometric quantization theory provides a means of dealing with such observables, cf. [6, 7, 13] .)
The behavior of the quantized FRW models brings to mind DeWitt's old suggestion of extended superspace (see [4, 11] for discussions). It will probably require an analysis of more realistic cosmologies to make sense of this type of behavior. Regardless, these examples illustrate the difficulties that arise when the classical choice of time is ab initio incompatible with the requirement that the quantum dynamics be generated by a self-adjoint Hamiltonian.
